We study coactions of concrete Hopf C ¦ -bimodules in the framework of (weak) C ¦ -pseudo-Kac systems, define reduced crossed products and dual coactions, and prove an analogue of Baaj-Skandalis duality.
Introduction
In a seminal article [1] , Baaj and Skandalis developed a duality theory for coactions of Hopf C ¦ -algebras on C ¦ -algebras that extends the Takesaki-Takai duality of actions of locally compact abelian groups to all locally compact groups and, more generally, to all regular locally compact quantum groups. More precisely, Baaj and Skandalis introduce the notion of a Kac system which consists of a regular multiplicative unitary and an additional symmetry, consider coactions of the two Hopf C ¦ -algebras (the "legs") of the multiplicative unitary, define for every coaction of each leg a reduced crossed product that carries a coaction of the other leg, and show that two applications of this construction yield a stabilization of the original coaction.
In this article, we extend the duality theory of Baaj and Skandalis to coactions of concrete Hopf C ¦ -bimodules, applying the methods and concepts introduced in [10] to the constructions in [1] . In particular, our theory covers coactions of the Hopf C ¦ -bimodules associated to a locally compact groupoid. An article on examples is in preparation. Let us mention that a similar duality theory like the one presented here was developed in the PhD thesis of the author [9] . Our new approach allows us to drop a rather restrictive condition (decomposability) needed in [9] , and to work in the framework of C ¦ -algebras instead of the somewhat exotic C ¦ -families. Moreover, the approach presented here greatly simplifies the complex assumptions needed [9] . This work was supported by the SFB 478 "Geometrische Strukturen in der Mathematik" which is funded by the Deutsche Forschungsgemeinschaft (DFG).
Organization This article is organized as follows:
First, we fix notation and terminology, and summarize some background on (Hilbert) C ¦ -modules.
In Section 2, we recall the definition of C ¦ -pseudo-multiplicative unitaries and concrete Hopf C ¦ -bimodules given in [10] .
In Section 3, we introduce weak C ¦ -pseudo-Kac systems which provide the framework for the construction of reduced crossed products.
In Section 4, we consider coactions of concrete Hopf C ¦ -bimodules and construct reduced crossed products and duals for such coactions.
In Section 5, we introduce C ¦ -pseudo-Kac systems and establish an analogue of BaajSkandalis duality for coactions of concrete Hopf C ¦ -bimodules.
In Section 6, we associate to each locally compact groupoid a C ¦ -pseudo-Kac system.
Preliminaries Given a subset Y of a normed space X, we denote by ÖY × X the closed linear span of Y . Given a Hilbert space H and a subset X LÔHÕ, we denote by X ½ the commutant of X. Given Hilbert spaces H, K, a C ¦ -subalgebra A LÔHÕ, and a ¦-homomorphism We shall make extensive use of (right) C ¦ -modules, also known as Hilbert C ¦ -modules or Hilbert modules. A standard reference is [4] .
All sesquilinear maps like inner products of Hilbert spaces or C ¦ -modules are assumed to be conjugate-linear in the first component and linear in the second one.
Let A and B be C ¦ -algebras. Given C ¦ -modules E and F over B, we denote the space of all adjointable operators E F by LBÔE, F Õ.
Let E and F be C ¦ -modules over A and B, respectively, and let π : A LBÔF Õ be a ¦-homomorphism. Then one can form the internal tensor product E π F , which is a C ¦ -module over B [4, Chapter 4] . This C ¦ -module is the closed linear span of elements η A ξ, where η È E and ξ È F are arbitrary, and Üη π ξ η ½ π ξ ½ Ý Üξ πÔÜη η ½ ÝÕξ ½ Ý and Ôη π ξÕb η π ξb for all η, η ½ È E, ξ, ξ ½ È F , and b È B. We denote the internal tensor product by " "; thus, for example, E π F E π F . If the representation π or both π and A are understood, we write " A" or " ", respectively, instead of " π ".
Given E, F and π as above, we define a flipped internal tensor product F π E as follows.
We equip the algebraic tensor product F E with the structure maps Üξ η ξ ½ η ½ Ý : Üξ πÔÜη η ½ ÝÕξ ½ Ý, Ôξ ηÕb : ξb η, and by factoring out the null-space of the semi-norm ζ Üζ ζÝ 1ß2 and taking completion, we obtain a C ¦ -B-module F π E. This is the closed linear span of elements ξπ η, where η È E and ξ È F are arbitrary, and Üξπ η ξ ½ π η ½ Ý Üξ πÔÜη η ½ ÝÕξ ½ Ý and Ôξπ ηÕb ξbπ η for all η, η ½ È E, ξ, ξ ½ È F , and b È B. As above, we write "A " or simply " " instead of "π " if the representation π or both π and A are understood, respectively.
Evidently, the usual and the flipped internal tensor product are related by a unitary map Σ : F E E F , η ξ ξ η.
We shall frequently consider the following kind of C ¦ -modules. Let H and K be Hilbert spaces. We call a subset Γ LÔH, KÕ a concrete C ¦ -module if ÖΓΓ ¦ Γ× Γ. If Γ is a concrete C ¦ -module, then evidently Γ ¦ is a concrete C ¦ -module as well, the space B : ÖΓ ¦ Γ× is a C ¦ -algebra, and Γ is a full right C ¦ -module over B with respect to the inner product given
2 C ¦ -pseudo-multiplicative unitaries and concrete Hopf C ¦ -bimodules
We recall several constructions and definitions from [10] which are fundamental to the duality theory developed in the following sections.
C ¦ -bases and C ¦ -factorizations C ¦ -bases and C ¦ -factorizations are simple but convenient concepts used in the definition of the C ¦ -relative tensor product; for details, see [10, Let α be a C ¦ -factorization of a Hilbert space H with respect to a C ¦ -base B H B . Then α is a concrete C ¦ -module and a full right C ¦ -module over B with respect to the inner product Üξ ξ ½ Ý : ξ ¦ ξ ½ . We shall frequently identify α H with H via the unitary
There exists a nondegenerate and faithful representation ρα : B LÔα HÕ LÔHÕ such that for all b È B , ξ È α, ζ È H, ραÔb ÕÔξ ζÕ ξ b ζ or, equivalently, ραÔb Õξζ ξb ζ.
Let K be a Hilbert space. Then each unitary U : H K induces a map
Let β be a C ¦ -factorization of K with respect to B H B . We put
Then the map Tα : α β given by ξ T ξ is an adjointable operator of C ¦ -modules, ÔTαÕ ¦ ÔT ¦ Õ β , and T ραÔb Õ ρ β Ôb ÕT for all b È B .
Let α be a C ¦ -factorization of a Hilbert space H with respect to a C ¦ -base B H B and let C K C be another C ¦ -base. We call a C ¦ -factorization β È C ¦ -factÔH; C K C Õ compatible with α, written α Ã β, if ραÔB Õβ β and ρ β ÔC Õα α. In that case, ραÔB Õ and
The C ¦ -relative tensor product The C ¦ -relative tensor product of Hilbert spaces is a symmetrized version of the internal tensor product of C ¦ -modules and a C ¦ -algebraic analogue of the relative tensor product of Hilbert spaces over a von Neumann algebra. We briefly summarize the definition and the main properties; for details, see [10, Section 2.2].
Let H and K be Hilbert spaces, B H B a C ¦ -base, and α È C ¦ -factÔH; B H B Õ and β È C ¦ -factÔK; B H B Õ. The C ¦ -relative tensor product of H and K with respect to α and β is the internal tensor product
We frequently identify this Hilbert space with α ρ β K and Hρ α β via the isomorphisms
Using these isomorphisms, we define for each ξ È α and η È β two pairs of adjoint operators
Üη Ö2× : ηÝ ¦ Ö2× : ζ η ραÔÜη η ½ ÝÕζ.
We put αÝ Ö1× : 
Then there exist compatibility-preserving maps
αÝ Ö1× δ ,
The C ¦ -relative tensor product is symmetric, functorial and associative in a natural sense [10, Section 2.2]. Moreover, if the C ¦ -base B H B arises from a proper KMS-weight µ on a C ¦ -algebra B, then Hα The spatial fiber product of C ¦ -algebras and concrete Hopf C ¦ -bimodules
The spatial fiber product of C ¦ -algebras is a C ¦ -algebraic analogue of the fiber product of von Neumann algebras [8] and of the relative tensor product of C0ÔXÕ-algebras [2] . We briefly summarize the definition and main properties; for details, see [10, Section 3] .
Throughout this paragraph, let B H B be a C ¦ -base.
Given a Hilbert space H and a C ¦ -algebra A LÔHÕ, we put
Let ÔH,A, αÕ be a concrete C ¦ -B H B -algebra and ÔK, B, βÕ a concrete C ¦ -B H B -algebra. The fiber product of ÔH,A, αÕ and ÔK, B, βÕ is the C ¦ -algebra Aα ¦ H β B :
We do not expect the fiber product to be associative. Given C ¦ -bases B H B and C K C ,
here, we canonically identify ÔHα
We denote the set of all morphisms from ÔH,A, αÕ to ÔK, B, βÕ by Mor Aα, B β Õ. In [10, Proof. We only need to show that 
Let φ be a morphism of nondegenerate concrete C ¦ -B H B -algebras ÔH,A, αÕ and ÔL, γ, CÕ, and let ψ be a morphism of nondegenerate concrete C ¦ -B H B -algebras ÔK, B, βÕ and ÔM, δ, DÕ. Then there exists a unique ¦-
and one of the following con- 
If Ô B H B , H, A, α, β, ∆Õ is a concrete Hopf C ¦ -bimodule, then the spaces Ô∆¦idÕÔ∆ÔAÕÕ and Ôid ¦∆ÕÔ∆ÔAÕÕ are contained in Aα ¦
If Ô B H B , H, A, α, β, ∆Õ is a concrete Hopf C ¦ -bimodule and B H B and H are understood, we shall denote this concrete Hopf C ¦ -bimodule briefly by Ô β Aα, ∆Õ.
C ¦ -pseudo-multiplicative unitaries and the associated legs The notion of a C ¦ -pseudo-multiplicative unitary extends the notion of a multiplicative unitary [1] , of a continuous field of multiplicative unitaries [2] , and of a pseudo-multiplicative unitary on C ¦ -modules [5, 11] , and is closely related to pseudo-multiplicative unitaries on Hilbert spaces [12] ; see [10, Section 4.1] . The precise definition is as follows.
Then all operators in the following diagram are well-defined [10, Lemma 4.1],
where Σ Ö23× denotes the isomorphism
Ôζ ξÕ η Ôζ ηÕ ξ.
concrete Hopf C ¦ -bimodules. We call V regular if the subspace Üα Ö1× V αÝ Ö2× LÔHÕ is equal to αα ¦ . If V is regular, then it is well-behaved [10, Theorem 4.14].
3 Weak C ¦ -pseudo-Kac systems
Reduced crossed products for coactions of Hopf C ¦ -algebras can conveniently be constructed in the framework of Kac systems [1] or, more generally, of weak Kac systems [13] . To adapt the construction to coactions of concrete Hopf C ¦ -bimodules, we generalize the notion of a weak Kac system as follows.
Let H be a Hilbert space. Recall that for each C ¦ -base C K C and each C ¦ -factorization
Switching between the C ¦ -bases B H B and B H B and relabeling the C ¦ -factorizations α, Ô α, β, Ô β suitably, we can iterate the maps T Õ T and T Ô T . The two relations ΣÔ1
• a symmetry U : H H, and 
iii) If Ôα, Ô α, β, Ô β, U, V Õ is a balanced C ¦ -pseudo-multiplicative unitary, the relations (4) for
These relations furthermore imply
and similarly
The auxiliary unitaries Õ V and Ô V defined above allow us to treat the right and the left leg of V , respectively, as the left or the right leg of some C ¦ -pseudo-multiplicative unitary:
In particular, Õ V and Ô V are well-behaved if V is well-behaved.
For the proof, we need the following lemma:
Lemma 3.4. The following diagrams commute:
Proof. Let us prove that diagram (9) commutes. Put W : ΣV Σ. We insert the relation
Since U Ö1× commutes with Õ V Ö23× , we can cancel U Ö1× everywhere in the equation above and find W Ö12× W Ö13× Õ V Ö23× Õ V Ö23× W Ö12× . Now, we conjugate both sides of this equation by the automorphism Σ Ö23× Σ Ö12× , which amounts to renumbering the legs of the operators according to the permutation Ô1, 2, 3Õ Ô2, 3, 1Õ, and find V Ö13× V Ö23× Õ V Ö12× Õ V Ö12× V Ö13× . If we retrace the derivation of this equation in diagrammatic form, we obtain diagram (9) . A similar argument shows that diagram (10) commutes. (9) and the pentagon diagram (5) imply
Proof of Proposition 3.3. Inserting the relations
The following diagram shows that the expression above is equal to V ¦ Ô1 i) The following conditions are equivalent:
(a) The following diagram commutes: Hα
ii) The following conditions are equivalent:
(a) The following diagram commutes:
Proof. In i), conditions (a) and (b) are equivalent because
The remaining equivalences follow similarly. The notion of a weak C ¦ -pseudo-Kac system is symmetric in the following sense: 
Proof. The C ¦ -pseudo-multiplicative unitaries Õ V , Ô V , V op are well-behaved by Proposi- 
Coactions and reduced crossed products
Coactions of concrete Hopf C ¦ -bimodules 
We also refer to the tuple ÔK, C, γ, δC Õ as a coaction. We call such a coaction fine if δC is injective and δC ÔCÕ βÝ Ö2× βÝ Ö2× C as subsets of LÔK, Kγ H β HÕ.
A covariant morphism between coactions ÔK, C, γ, δC Õ and ÔL, D, δ, δDÕ is a morphism ρ from ÔK, C, γÕ to ÔL, M ÔDÕ, δÕ that makes the following diagram commute:
Remarks 4.2.
i) Note that by [10, Remark 3.12] , the C ¦ -algebra δC ÔCÕ and hence also the C ¦ -algebra Cγ ¦ H β A is nondegenerate.
ii) Evidently, the class of all coactions of a fixed concrete Hopf-C ¦ -bimodule forms a category with respect to covariant morphisms.
iii) For every concrete Hopf C ¦ -bimodule Ô B H B , H, A, α, β, ∆Õ, the triple ÔH,A, α, ∆Õ is a coaction.
We shall study coactions of concrete Hopf C ¦ -bimodules in a separate article. 
If δC is understood, we shortly write C «r Ô A for C « δ C ,r Ô A. 
here, we used the inclusion Ô Aβ β [10, Lemma 4.5].
Frequently, it is useful to know that the set (12) is linearly dense in C «r Ô A:
Proof. We only need to prove Ô1
On the other hand, since A Ô β
and therefore,
Let us show that the ¦-homomorphism Ô δC is a morphism of concrete C ¦ -B H B -algebras.
By definition of Ô δC ,
for each x È C «r Ô A and ξ È Ô β, and therefore,
Equation (14) implies that the ¦-homomorphisms
re both given by δC ÔcÕÔ1 
C ¦ -pseudo-Kac systems
To obtain an analogue of Baaj-Skandalis duality [1] , we need to refine the notion of a weak C ¦ -pseudo-Kac system as follows.
As before, we fix the C ¦ -base B H B and the Hilbert space H. Conjugating by Σ or V , we find that this condition is equivalent to the relation ÔU Ö2× V ΣÕ 
Ô β β together with the family of unitaries
form a pseudo-Kac system in the sense of [9, Definition 2.53].
We shall use the following reformulation of condition ii) in Definition 5.1:
Proof. Rearranging the factors in the product U Ö1× U Ö2× ΣU Ö2× V¨3U Ö2× Σ, we find
Thus, ÔΣU Ö2× V Õ 3 is equal to 1 if and only if
The notion of a C ¦ -pseudo-Kac system is symmetric in the following sense:
Then also the tuples
Proof. Equations (6), (7) and [10, Remark 4.11] imply that the tuples (11) satisfy condition i) of Definition 5.1. To check that they also satisfy condition ii), we use Remark 5.2:
The following two propositions are essential for our duality theorem:
Proof. Since V is regular, it is well-behaved. We show that condition i)(a) in Lemma 3.5 holds. By Lemma 3.4, Õ
. We multiply this equation by V Ö12× on the left and by Σ Ö12× on the right, use the pentagon equation for V , and obtain
By Lemma 5.4, we can replace V Ö12× Õ V Ö12× Σ Ö12× by Ô V ¦ Ö12× U Ö1× , and find that Ô V ¦ Ö12× U Ö1× V Ö23× V Ö23× Ô V ¦ Ö12× U Ö1× . Since Ô V Ö12× is unitary and U Ö1× V Ö23× V Ö23× U Ö1× , we can conclude Ô V Ö12× V Ö23× V Ö23× Ô V Ö12× , that is, condition i)(a) in Lemma 3.5 holds. A similar argument shows that condition ii)(a) in Lemma 3.5 holds. The C ¦ -base and the Hilbert space The measure µ defines a tracial proper weight on the C ¦ -algebra C0ÔG 
